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Molecular dynamics study of a bilayer electron gas: Single particle properties
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The single-particle dynamical properties of a strongly coupled, classical, symmetric electronic bilayer sys-
tem have been investigated by molecular dynamics simulation. Results for the velocity correlation function, the
single-particle scattering function, and their respective Fourier transforms have been calculated, and their
behavior, as a function of the interlayer separationd, has been analyzed. The single-particle scattering function
in particular, shows dramatic effects when the bilayer attains a staggered square lattice structure. This occurs
when the interlayer separation is around 0.8a ~a is the Wigner-Seitz radius!, where our previous study showed
a marked decrease in the diffusion coefficient.
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I. INTRODUCTION

Charged particle bilayers have drawn considerable in
est in the last decade, from both theoretical and experime
points of view. Such a system serves as a realistic mode
charged particle traps, high-Tc superconductors, and com
plex plasmas. It exhibits a variety of features that are d
entirely to the interlayer Coulomb interactions. This syst
is characterized by two parameters: the plasma coupling
stant G5e2/akBT and the interlayer separationd; a
5(np)21/2 is the Wigner-Seitz~WS! radius withn the sur-
face density of electrons,e the charge of the electron,kB the
Boltzmann constant, andT the temperature. The most re
markable feature on the static level is the diverse phase
gram of a classical bilayer Wigner crystal@1#. A Monte Carlo
calculation@2# for the solid phases of a classical electron
bilayer withG5196 as a function of the interlayer separati
confirms the sequence of distinct structural phases and
ranges as predicted by the lattice dynamics calculation
Goldoni and Peeters@1#.

Recent molecular dynamics~MD! work @3,4# has shown
that even in the liquid phase (G580, for example, for which
the single-layer electron system is known to be well bel
its solid phase!, a similar sequence of phase changes exi
Intralayer and interlayer pair correlation functionsg11(r ) and
g12(r ) for various values ofG and d have been obtained
Although G580 corresponds to a fluid phase of an isola
single-layer, two-dimensional electron gas system, the
layer system portrays solidlike behavior in the pair corre
tion functions at intermediate values ofd. In addition, MD
results for self-diffusion@4# show a dramatic behavior: a de
crease,by an order of magnitude, as the interlayer separatio
d/a is increased from 0 to 0.8, followed by a rapid increa
which then levels off ford/a.1.5.

However, very little research from a theoretical prem
has been carried out on a classical bilayer one-compo
plasma, especially on its static and single-particle proper
like diffusion. For example, calculations of pair correlatio
functions g11(r ) and g12(r ) and the corresponding stat
structure functionsS11(q) andS12(q) using the hypernetted
1063-651X/2003/67~4!/041201~6!/$20.00 67 0412
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chain technique@5# have yielded only fair agreement wit
MD results@3#. There are at least two hindrances to a the
retical development of the liquid phase dynamics of a cl
sical charged particle bilayer:~i! a theoretical model nor-
mally requires, as input, interlayer and intralayer p
correlation functions, and~ii ! there is a dearth of experimen
tal and MD results with which to compare. The first imped
ment has been removed recently@3,4#, and the object of this
paper is to provide the needed MD results, at least th
relating to single-particle dynamics. Computer simulatio
have provided a viable alternative to experiments, as they
only produce exact results for a given interparticle potent
but also allow us to calculate some basic properties that c
not be obtained from experiments. Previous MD results
mean-square displacement and self-diffusion@4# should help
in formulating theoretical models of diffusion. In this pape
we provide MD results for the velocity correlation functio
c(t) and its transformZ(v), and the self-intermediate sca
tering functionFs(q,t) and its transformSs(q,v), the self-
density correlation function.

II. SIMULATION TECHNIQUE

The system to be simulated is a bilayer consisting of cl
sical electrons interacting through a 1/r Coulomb potential.
The electrons are distributed evenly in two planes separ
by a constant distance and are not allowed to move out of
planes. Charge neutrality is guaranteed by embedding
electrons in a uniform background of opposite charge.
each layer the basic simulation cell is a square, and perio
boundary conditions are imposed. A thermodynamic state
the system is entirely specified by the plasma coupling
rameterG and the interlayer separationd. In what follows,d
is expressed in units ofa. Only symmetric bilayers, in which
the density of the electrons is the same in both layers,
considered in this study. All quantities involved are in dime
sionless units: distance in units of the WS radiusa, and time
in units of t5Ama3/e2, wherem is the electron mass. Th
two layers have the same surface density and the basic
is a square with side lengthL5(N/na2)1/2, containing
©2003 The American Physical Society01-1
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N5128 electrons in each of the two layers. Sincea is the
unit of length, the density in each layer takes the value 1p.
This givesL520.053 in dimensionless units. The details
the simulation and of the extended Ewald sum techni
used in our simulation were described in our previous pap
@4,6#.

After the equilibrium configuration has been achieved,
two-dimensional position and velocity components of ea
of the electrons in the two planes were computed and sto
for 20 000 time steps, with the time step chosen to be 0
These components were then used to calculate the time
relation functions of interest. Note that the components
either layer must yield the same results.

The velocity correlation function~VCF!, defined asc(t)
5^vW i(0)+vW i(t)& wherevW i(t) is the velocity of particlei in
the lower layer~say! at time t, was computed using the for
mula

c~ t !5
1

t r

1

N (
i 51

N

(
t051

tr

@vxi~ t0!vxi~ t01t !1vyi~ t0!vyi~ t01t !#,

~1!

wheret r is the number of time origins. The value ofc~0!, in
dimensionless units, is equal to 2/G and thus provides a
check on the accuracy of our calculations. We also calcula
Z(v), the Fourier transform of the normalized VCFc̃(t)
[c(t)/c(0), given by

Z~v!5
1

2p E
2`

`

c̃~ t !eivtdt5
1

p E
0

`

c̃~ t !cos~vt !dt, ~2!

and the diffusion coefficientD, as given by the Green-Kub
integral of the VCF

D5
1

2 E0

`

c~ t !dt5
p

G
Z~0!. ~3!

The self-intermediate scattering function defined as

Fs~q,t !5
1

N K (
j 51

N

eiqW +~rW j ~ t !2rW j ~0!!L ~4!

is computed using a similar formula to Eq.~1!. The self-
density correlation function is then computed using

Ss~q,v!5
1

2p E
2`

`

Fs~q,t !eivtdt5
1

p E
0

`

Fs~q,t !cos~vt !dt.

~5!

III. RESULTS AND DISCUSSION

We have calculated the VCF and the self-intermedi
scattering function for various values ofG andd. However,
in this paper, we present the results and analysis forG580
only. This particular state is seen to exhibit a rich pattern
behavior, as seen from our earlier investigation@4#; it under-
goes a sequence of structural phases and the diffusion c
ficient changes dramatically as a function of the interla
separation. For this value ofG, the bilayer system behave
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like a single-layer two-dimensional electron liquid for sma
(d,0.1) and large (d.1.5) interlayer separations, while fo
intermediated it exhibits certain solidlike properties. Thus
would be of interest to see how the dynamics of a test p
ticle is affected at this value ofG, as a function of the inter-
layer separation.

A. Velocity correlation function

A very important probe of single-particle dynamics is pr
vided by the velocity correlation function of a test particl
Since this quantity cannot be obtained experimentally, M
results become the sole source of comparison with pre
tions of any theoretical model.

In Fig. 1~a!, we have plotted the normalized velocity co
relation function as a function of time forG580. The inter-
layer separationd is 0.1 ~solid! and 5 ~dashed!. At these
values ofd, the bilayer should behave as an isolated sing
layer, two-dimensional electron gas~2DEG!. However, asd
approaches 0, the two layers merge, thus doubling the d
sity, reducing the WS radiusa by a factor of&, and increas-
ing the value ofG by the same factor. Thus the two grap
should agree with those of isolated single-layer, tw
dimensional electron gas withG5113 (580&) and 80, re-
spectively. It has been shown that for a 2DEG the oscillat
frequency is almost independent ofG. Since our time ab-
scissa is in terms oft ~which involvesAa3), we have to take
into account a factor of 20.75'1.68, when comparing the two
graphs. It is then seen that the frequencies of oscillation
essentially the same. The MD results on 2DEGs@7# show
that the time period of oscillation is about 5.2~in units oft!,
in agreement with our results. It should also be noted that
peak heights decay in a very uniform manner.

In Fig. 1~b!, we have plotted the normalized velocity co
relation function ford50.6, 0.8, and 1.1. The behavior of th
VCF is quite different now. The peak positions and pe
heights depend on the interlayer separation. The time pe
of oscillation decreases asd decreases and, in addition, th
uniform decay of the peak height, evident in Fig. 1~a!, is no

FIG. 1. ~a! Normalized velocity correlation function as a func
tion of time t ~in units of t! for G580. Solid line is ford50.1 and
dashed line ford55.0. Interlayer separationd is in units of the
Wigner-Seitz radiusa. Quantities plotted in all figures are dimen
sionless.~b! Same as~a!, except the solid line is ford50.6, dashed
for d50.8, and dotted ford51.1.
1-2
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longer true, especially at short and intermediate times.
velocity correlations extend to much longer times, wh
compared to those of the 2DEG. These features should
attributed to the solidlike structural changes that take plac
the bilayer for these values of interlayer separation.

It is of interest to see how these features show up in
frequency domain. In Fig. 2~a!, we have plottedZ(v), the
frequency transform of the normalized VCF, as a function
v for d50.1, 0.8, and 5. Although the two graphs ford
50.1 and 5 seem to be different, they are quite similar if
plot the normalizedZ(v) and take into account the doublin
of the density asd approaches 0. For these values ofd, there
is only one side peak, the so-called plasmon peak, typica
a 2DEG. However, ford50.8 there are some distinct diffe
ences. The main peak is now much sharper~especially when
compared to its value at zero frequency! and its position has
also shifted. More importantly, we see that a second peak
emerged. The presence of the second peak has to be re
to the solidlike behavior of a bilayer at such interlayer se
rations. In order to see the onset and disappearance o
double-peak feature, we have plottedZ(v) for d50.3, 0.6,
and 1.1 in Fig. 2~b!. Our results show the second peak ju
starting to form atd50.3, becoming sharper up tod50.8,
dropping off to a plateau atd51.1, and disappearing com
pletely aroundd51.5. It is also interesting to note that th
position of the second peak, which is aroundv50.5, does
not change appreciably with interlayer separation.

As a check on the accuracy of our calculations, we eva
ated numerically the second-moment sum rule, given by

V0
252E

0

`

v2Z~v!dv. ~6!

The exact expression given by the Einstein frequency ap
priately generalized to a bilayer separated by distanced is

V0
2~d!5

pne2

m F E
0

` 1

r 2 g11~r !dr1E
0

` r ~r 222d2!

~r 21d2!5/2 g12~r !drG ,
~7!

FIG. 2. ~a! Fourier transformZ(v) ~in units of t! as a function
of frequencyv ~in units of 1/t!. Solid line is ford50.1, dashed for
d50.8, and dotted ford55.0. ~b! Same as~a!, except the solid line
is for d50.3, dashed ford50.6, and dotted ford51.1.
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whereg11(r ) andg12(r ) are the intralayer and interlayer pa
correlation functions. We evaluated Eq.~7! using our MD
generated results forg11(r ) andg12(r ) @4#. The two integrals
agree almost exactly for all values ofd.

To see whether the double peak is a universal phen
enon for a bilayer, we calculated the VCF and the pow
spectrum for a lower value of the coupling constant. Simi
plots of Z(v) for G540 do not reveal the existence of suc
a second peak for any value of interlayer separation. T
criteria for a double peak inZ(v) then are a high value o
the coupling constantG and intermediate values of the inte
layer separationd. Previous MD studies on pair correlatio
functions@3,4# have shown the presence of crystalline pha
for 0.3,d,1.5 for G580. Hence one can relate the exi
tence of a double peak inZ(v) to the structural phase
changes of a strongly coupled bilayer. There is at presen
theoretical model for the description of the VCF of a bilay
and we hope our MD results will provide the motivation
attempt an explanation of the underlying mechanisms
are responsible for the double-peak feature inZ(v). The
plasmon peak in 2DEGs has been traced to the coup
between the single-particle motion and the collective mod
There exists an analogous situation in solids where the
quencies at the zone boundary manifest themselves stro
in the VCF. Thus a combination of these two effects wou
be needed to explain the double-peak phenomenon. It sh
also be noted that a double peak has been seen in a t
dimensional electron gas@8#, but only for large values ofG
~.100!. We have also calculated the diffusion coefficientD,
as given by Eq.~3!, and compared it with our previousl
published results@4#, which used the mean-square displac
ment definition; the agreement is very good.

B. Single-particle scattering function

One of the basic quantities in any dynamical theory
fluids is the self-intermediate scattering functionFs(q,t), de-
fined in Eq.~4!. Its frequency spectrumSs(q,v), defined in
Eq. ~5!, has direct experimental relevance because of
connection to the incoherent part of the inelastic neut
scattering.

In Figs. 3~a!–3~d!, Fs(q,t) is plotted as a function oft for
various values ofq. The value of the plasma parameterG is
80, and the interlayer separations ared50.1, 0.6, 0.8, and
1.1, respectively. Recall that for small and larged the bilayer
behaves very much like a single-layer 2DEG, but withG
580& and 80, respectively. Because of the periodic con
tions imposed on the MD simulations, the values ofqx and
qy are limited to integral multiples of 2p/L ~5 0.314 in
units of 1/a). We have limited our selection such thatqW
5(qx,0) and (0,qy). Since the system is in a fluid state fo
d50.1 and 1.1, the behavior ofFs(q,t) is as expected; it
starts from 1 and decays monotonically to 0 for larget, with
the decay rate faster for largerq. However, ford near 0.8, its
behavior is strikingly different. For values ofqa less than 4,
Fs(q,t) has an initial rapid decay for small times (0,t
,5), followed by a pronounced plateau for intermedia
times (20,t,60). We have plotted these functions only u
to t5100, to show these features clearly. There is a s
1-3
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decay to zero at larger times. For larger values ofq, these
features slowly disappear as we approach the ideal
Gaussian behavior.

The behavior ofFs(q,t) for d50.8, is strikingly similar
to that seen in MD simulations of compressed Lennard-Jo
systems@9,10#. Such a decomposition into a fast and a slo
decay has been attributed to a structural slowdown as
liquid is compressed to an amorphous state. Previous stu
@4# indicate that, for this value ofd, the diffusion coefficient
is extremely small and is an order of magnitude less than
for the corresponding 2DEG. It has also been shown@3# that
for G580 the bilayer assumes a staggered square la
structure at this value ofd. Thus, our results forFs(q,t) are

FIG. 4. Self-intermediate scattering functionFs(q,t) as a func-
tion of time t ~in units of t! for G580 andq55.0. The ideal gas
result is the solid line. The other lines are ford50.8, 0.6, 0.1, and
1.75, respectively, from top to bottom on the right edge of
figure.

FIG. 3. Self-intermediate scattering functionFs(q,t) as a func-
tion of time t ~in units of t! for G580. The values ofq ~in units of
1/a) are, respectively, 0.94, 1.88, 2.82, 3.76, and 4.70 from top
bottom.d5(a) 0.1,~b! 0.6, ~c! 0.8, and~d! 1.1.
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consistent with other observed MD results and with theo
ical findings which indicate that the square structure is
most stable among the structures that a bilayer undergoe
the interlayer separation is increased.

In order to illustrate howFs(q,t) approaches ideal ga
Gaussian values and to confirm its correct behavior for sm
t, Fs(q,t) for a reasonably large value ofqa ~55! has been
plotted in Fig. 4 for various values of interlayer separationd.
As expected, theFs(q,t) curves are closer to the ideal ga
curve at small and large values ofd, while the deviation is
considerable for intermediate values ofd. We need to go to
still higher values ofq, for these values ofd, to approach the
ideal gas behavior. Our results show that, forqa.15,
Fs(q,t) values are very close to ideal gas values for allt and
for all d.

In Figs. 5~a!, 5~b!, and 5~c! we have plottedSs(q,v), the
Fourier transform of the intermediate scattering functi

FIG. 5. Self-density correlation functionSs(q,v) ~in units oft!,
as a function of frequencyv ~in units of 1/t! for G580. The values
of q ~in units of 1/a) are, respectively, 1.88, 2.82, 3.76 and 4.
from top to bottom on the left edge of the figure.d5(a) 0.1,~b! 0.6,
and ~c! 1.1.
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Fs(q,t), for some representative values ofq and d. In all
cases, there is a central peak, indicative of a diffusive proc
of the tagged particle. The very distinctive behavior
Fs(q,t) for d near 0.8 is masked in the Fourier transform a
one sees a sharp central peak followed by a slow deca
Ss(q,v).

Although one needs a fullSs(q,v) spectrum to compare
any theoretical formulation with experimental or MD resul
a considerable amount of information and a global pict
can be obtained by plotting the half widths at half maximu
~HWHM! Dv(q) and the peak heightsSs(q,0). In order to
see the effects of interlayer separations, we have plotte
Fig. 6 the variation ofDv(q) as a function ofd, for a few
fixed values ofq. Figure 7 shows a plot of the peak heig
Ss(q,0) as a function ofd. The lines in the graphs have bee
drawn only to serve as a guide to the eye. Both show
pronounced extremum aroundd50.8, and they disappea
slowly asq increases. For small and larged, where the sys-
tem essentially behaves as a 2DEG,Ss(q,0) values are more
or less the same, resulting in a nearly symmetrical plot. T
is not seen to be true forDv(q).

For largeq, the plotted quantities should approach ide
gas values, for any value ofd. These are given byDv(q)
5A@(2 ln 2)/G#q and Ss(q,0)5A(G/2p)1/q, in dimension-
less units, and the plots would become a horizontal li
Although this is seen to be the case,Ss(q,0) approaches its
ideal gas value faster thanDv(q). In addition, the effect of
d is more dramatic in the HWHM plot than it is in the pea
height plot. The well in the HWHM becomes narrower asq
increases, but the depth does not change significantly e

FIG. 6. Variation ofDv(q) ~in units of 1/t!, the half width at
half maximum ofSs(q,v), as a function of interlayer separationd
~in units of a! for G580 andq54.70, 6.27, 7.53, 8.77, and 10.0
from bottom to top.
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for qa57.5. The sizable decrease in the HWHM atd'0.8
persists for a wide range ofq values. These features aga
reinforce the conclusions drawn from previous results t
the most dramatic changes in the properties of a bilayer
cur when it is in the staggered square structural phase.

IV. SUMMARY

In this paper, we have reported results of molecular
namics simulation of strongly coupled, classical symme
electronic bilayers. The quantities that have been calcula
and presented are the velocity correlation function,
single-particle intermediate scattering function, and their
spective Fourier transforms. We have analyzed their va
tion as a function of the wave vectorq and the interlayer
separationd. These results, along with those published e
lier, indicate a dominant crystalline structure at intermedi
values of the interlayer separation; this staggered squ
structure is responsible for the dramatic changes seen in
croscopic and macroscopic properties of a charged par
bilayer. Our results should provide an impetus to deve
much needed theoretical models of charged particle bilay
The predictions of the models can be tested against our
results. MD results on collective properties of a bilayer, su
as the full scattering functionF(q,t) and its transform
S(q,v), will be the subject of a future paper.
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FIG. 7. Variation ofSs(q,0) ~in units of t! as a function of
interlayer separationd ~in units of a! for G580 andq52.82, 3.76,
4.70, 6.27, and 7.53 from top to bottom.
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